A new distribution called the Weibull Generalized log logistic distribution is introduced along with a simple physical motivation. Several of its statistical properties are derived. Three applications are provided to illustrate the importance of the new distribution. The new distribution is shown to be better that other important competitive models via three applications. The method of maximum likelihood is used to estimate the unknown parameters.
Introduction and motivation
has suggested a number of forms of cumulative distribution functions (CDFs) which might be useful for fitting data. [7] devoted special attention to one of these forms, denoted by Burr type XII (BXII), whose CDF is given as G BXII (a,b) (x) = 1 − (1 + x a ) −b | (x>0,a>0,b>0) .
Both a and b are shape parameters. Location and scale parameters can easily be introduced to make G (a,b) (x) a four-parameter distribution. The log-logistic (LL) distribution has appeared in the literature under different forms, the simplest one can easily be derived from G (a,b) (x) as a special case when b = 1 so the CDF of the LL can be given as The corresponding probability density function (PDF) of (1.1) is given by g (a) (x) = ax a−1 (1 + x a ) −2 .
The hazard rate function (HRF) corresponding to (1.1) is h LL (a) (x) = ax a−1 (1 + x a ) −1 .
Based on [10] and using (1.1), then the CDF of the Weibull generalized log-logistic (WGLL) model is defined by
| (x>0,a>0,β>0,θ>0) (1.2) and its corresponding PDF is given by
where β and θ are two additional shape parameters. From Figure 1 , we conclude that the the PDF of the WGLL model can be bimodal or left skewed. In addition to the HRF can be unimodal, bathtub, constant, decreasing or increasing. In this work, we study the WGLL model and give a sufficient description of its mathematical properties. The new model is motivated by its important flexibility in applications (see Section 4) . By means of two applications, it is noted that the WGLL model provides better fits than nine competitive models. Following [10] , the PDF (1.3) of the WGLL model can be expressed as
which will be used below for deriving the ordinary moment, moment generating function and incomplete moment for the new model, where
is the LL density with parameters a and (1 + r), υ r = −w r and
Similarly, the CDF (1.2) of X can be expressed in the mixture form
where
is the LL CDF with parameters a and (1 + r). A physical interpretation of the WGLL distribution can be shown as follows: suppose that we have a lifetime random variable (r.v.), Z having BXII distribution. The generalized ratio
that an individual (or component) following the lifetime Z will die (fail) at time t is
Consider that the variability of this ratio of death is represented by the r.v. X and assume that it follows the Weibull model with shape γ. We can write
which is given by the CDF (1.2).
Mathematical properties
The n th ordinary moment of X is given by
Then, we obtain
is the beta function of the second type. By setting n = 1 in (2.1), we get the mean of X. The last integration is computed numerically for the new distribution (see Table 1 ). The skewness (SK(X)) and kurtosis (KU(X)) measures can be calculated from the ordinary moments using well-known relationships. The mean (µ 1 ), variance (V(X)), skewness and kurtosis of the WGLL distribution are computed numerically for some selected values of β, θ and a using the R software. The SK(X) of the WGLL distribution can range in the interval (−0.92, 58102), whereas the KU(X) of the WGLL distribution varies in the interval (2.7, 33758637) also the mean of X decreases as θ increases (see Table 1 ).
The moment generating function (MGF) M X (t) = E e t X of X can be derived as The n th incomplete moment (I n (t)) of X can be expressed as
is the incomplete beta function of the second type. When n = 1 we have 1 st incomplete moment. The main applications of the 1 st incomplete moment refer to the mean deviations and the Bonferroni and Lorenz curves which are very useful in economics, reliability, demography, insurance, and medicine.
The (s,r) th PWM of X following the WGLL model, say λ s,r , is formally defined by
The (s,r) th PWM of X can be expressed as
is the descending factorial and τ 2 is a positive integer.
Let X 1 , X 2 , . . . , X n be a random sample (RS) from the WGLL distribution and let X 1:n , . . . , X n:n be the corresponding order statistics. The PDF of i th order statistic, say X i:n , can be written as
where B(·, ·) is the beta function. Inserting (1.2) and (1.3) in equation (2.2) and using a power series expansion, we have
and the PDF of X i:n can be expressed as
and the q th moments of X i:n can be expressed as
The n th moment of the reversed residual life, say
uniquely determines F(x). We obtain
Then, the n th moment of the reversed residual life of X becomes
(−1) r n r t n−r .
Parameter estimation
Consider the estimation of the unknown parameters (β, θ, a) of the WGLL model from the complete data sets by the maximum likelihood (ML) method. Suppose that x 1 , . . . , x n be a RS from the WGLL model with parameter vector Θ =(β, θ, a) . Then the log-likelihood function ( n (Θ)) for Θ is given by n (Θ) = n log β + n log θ + n log a + (θ − 1)
the above n (Θ) can be maximized numerically via SAS (PROC NLMIXED) or R (optim) or Ox program (via sub-routine MaxBFGS), among others. The components of the score vector
are easy to be derived.
Applications
We provide three applications to illustrate the importance, potentiality and flexibility of the WGLL model. For these data, we compare the WGLL distribution with BXII, WLL, Marshall-Olkin BXII (MOBXII), Topp Leone BXII (TLBXII), Zografos-Balakrishnan BXII (ZBBXII), Five Parameters beta BXII (FBBXII), BBXII, B exponentiated BXII (BEBXII), Five Parameters Kumaraswamy BXII (FKwBXII) and KwBXII distributions given in [2, 3, 8, 9] . The three data sets are given in the Appendix.
The total time test (T T T ) plot (see [1] ) is an important graphical approach to verify whether the data can be applied to a specific distribution or not, the empirical version of the T T T plot is given by plotting
y i:n + (n − r)y r:n ]/ n i=1 y i:n against r/n, where r = 1, . . . , n and y i:n (i = 1, . . . , n) are the order statistics of the sample. [1] showed that the HRF is constant if the T T T plot is graphically presented as a straight diagonal, the HRF is increasing (or decreasing) if the T T T plot is concave (or convex). The HRF is U-shaped (bathtub) if the T T T plot is firstly convex and then concave, if not, the HRF is unimodal. The T T T plots the three real data sets are presented in Figure 2 and these plots indicate that the empirical HRFs of data sets I, II are increasing and bathtub for data set III. We consider the following goodness-of-fit statistics: the Akaike information criterion (AIC), Bayesian information criterion (BIC), Hannan-Quinn information criterion (HQIC), and consistent Akaike information criterion (CAIC), where
where k is the number of parameters, n is the sample size, and −2 Θ is the maximized log-likelihood. Generally, the smaller these statistics are, the better the fit. Based on the values in Tables 3, 5, and 7 and Figures 3-6 the WGLL model provides the best fits as compared to BXII and other models in the applications with small values for BIC, AIC, CAIC, and HQIC. 
Model
Estimates BXII(α, β) Table 4 : MLEs, standard errors, and confidence interval (in parentheses) for the data set II.
Model Estimates
BXII(α, β) 
Conclusions
In this paper, we introduce a new continuous distribution with a strong physical motivation and applications via compounding the zero truncated Poisson distribution and a new continuous distribution
